It is shown that in the noncommutative spacetime defined by the generalized Moyal product, consistent noncommutativity can be obtained independent of the coordinate system such as Cartesian or polar one. In addition, based on the fact that the generalized Moyal product can be applied to arbitrary spacetime with non-trivial curvature, the effect of noncommutativity in the axisymmetric spacetime with central mass is investigated. The results demonstrate how the noncommutativity of spacetime modify the shape of the stationary limit surface in the noncommutative Kerr spacetime, which implies that the gravitational interaction seems to be effectively softened.
Introduction
The noncommutative spacetime first proposed by Snyder in the 1940s [1] has once again become an important research topic in modern physics. The reasons are that noncommutative spacetime naturally appears from string theory [2] and noncommutative geometry would be the basis of quantum theory [3, 4] . Recently, several quantum gravitational theories based on spacetime noncommutativity have been proposed [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , and in the future they are expected to be applied to physical phenomena in regions where quantum effects are prominent, such as in the early universe and around black holes. However, at present, such applications of noncommutative gravity have not progressed so much, due in part to the difficulty of establishing consistent noncommutative spacetime description by an arbitrary coordinate selection. In the first place, even the polar coordinate system usually employed in gravity research has only recently begun to be studied in the field of noncommutativity [16] [17] [18] [19] . a e-mail: r201770192ve@jindai.jp Noncommutative spacetime is characterized by the nontrivial commutation relation [x µ ,x ν ] = iθ µν , which is usually defined in the Cartesian coordinate system. For example, it is represented as [x,ŷ] = iΘ in a two-dimensional space where (x,ŷ) are coordinate operators and Θ is a constant noncommutative parameter. On the other hand, there is no clear form of commutation relation on the polar coordinate system, although some proposals have been made in previous works. In [16] , in order to investigate BTZ black hole in three-dimensional anti-de Sitter spacetime, the commutation relation [r,φ ] = iΘr −1 was employed. In [17] , the similar relation is derived from definingx =r cosθ ,ŷ = r sinθ . Furthermore, in [18, 19] using the Moyal deformation quantization [20] , higher order term of commutation relation between real space coordinates r = x 2 + y 2 and φ = arctan(y/x) by the expansion of Θ was calculated. In particular, in [19] , the behavior of the commutation relation in the limit when r → ∞ and r ≪ Θ was investigated by deformation quantization and Borel resummation. In any coordinate system, the original noncommutativity is hard to be seen in most cases as long as the methods described in the above paragraph are used. Most importantly, previous works have derived the commutation relation in the polar coordinate by way of the Moyal product defined in the Cartesian coordinate. In other words, these methods have focused only on the polar coordinate in twodimensional flat space and are not suitable for applied research in more than three-dimensional and curved spacetime. In particular, in gravitational theory, the polar coordinate in four-dimensional spacetime are generally used in cosmology and black hole analysis, so that the detailed understanding of the strong gravity effect will not proceed unless we find out other framework than the transformation from the Cartesian coordinate.
The generalized Moyal product has been redefined as a function of coordinate using vielbein in order to realize the dynamical noncommutativity in scalar field theory in flat noncommutative spacetime [21] [22] [23] . In this paper, we showed that the generalized Moyal product gives consistent commutation relations in Cartesian and polar coordinate. In the foregoing studies of polar noncommutativity [16] [17] [18] [19] , only a commutation relation of two-dimensional space was derived, but we have specifically dealt with a commutation relation in four-dimensional spacetime. Furthermore, since the generalized Moyal product is available even in arbitrary spacetime, we investigated the effect of noncommutativity in the noncommutative Kerr spacetime. As a result, we have found that the stationary limit surface becomes more oblate as if the effect of gravity is alleviated in the noncommutative spacetime, which is consistent with the achievements of the literature [15, 24, 25] .
The paper is organized as follows. Section 2 describes the generalized Moyal product. Section 3 shows nontrivial commutation relation in the polar coordinate system can be established using the generalized Moyal product. Section 4 examines the noncommutativity of spacetime in the Kerr metric. Finally, we conclude this paper in Section 5. Throughout this paper, we use the geometrical unit, G = c = 1.
vielbein, and θ ab is a constant antisymmetric tensor defined on the tangent space. As usual, the Greek alphabet (µ, ν, . . . ) denotes indices related to spacetime and the lower case alphabet (a, b, . . . ) are used to represent tangent space. Note that θ ab is the constant tensor in tangent space in contrast to θ µν (x) which is the function of x µ in spacetime. Vielbein connects the tangent space defined by Minkowski metric η ab = (−1, +1, · · · , +1) with the spacetime defined by classical metric tensor g µν . This role of vielbein is clearly recognized from its definition as
Also, vielbein satisfies orthonormality as
In any coordinate system transformation x µ → x ′α , by choosing the corresponding vielbein appropriately, the Moyal product is defined as
without any contradiction. Due to this property, consistent noncommutativity can be defined independent of coordinate systems. Moreover, it is assumed that each component of θ ab in tangent space should be
when we deal with four-dimensional spacetime, so that θ ab represents homogeneous noncommutativity of space. Since vielbein e a µ is equal to diag(+1, +1, +1, +1) in Cartesian coordinate in a flat spacetime, the commutation relation of coordinates is equivalent to the conventional one such as
in this case.
Noncommutative polar coordinate
The nontrivial commutation relation, which is essential in constructing noncommutative spacetime, must of course be well-defined when coordinate transformations is applied. In this section, we confirm that noncommutativity of spacetime in the polar coordinate system defined by the generalized Moyal product is identical to that in the Cartesian coordinate system when compared at a suitable position. The vielbein in polar coordinate (t, r, φ ) of a three dimensional spacetime are
Throughout this paper, the good triads and tetrads which appeared in a previous study [28] are used for vielbein. From the Moyal product corresponding to the polar coordinate defined by (10) and (2)-(4), the commutation relation between any functions f (t, r, φ ) and g(t, r, φ ) can be derived as
In accordance with (11) , the noncommutativity in the polar coordinate is shown as
similarly to the result of the literature [17] [18] [19] . Equation (12) does not immediately reveal that the generalized Moyal product links Cartesian coordinate system with polar one. Thus, we examine the consistency by focusing on the fact that the noncommutativity in the Cartesian coordinate [x, y] ⋆ = iΘ is the relation of orthogonal lengths. To compare the polar noncommutativity with the Cartesian one, we choose the radial length r and the circumferential length rφ as a combination of orthogonal lengths in the polar coordinate. Then in a three-dimensional spacetime, the commutation relation between r and rφ is
which is determined only by Θ similarly to the commutation relation in the Cartesian coordinate system. Therefore, we can say that the generalized Moyal product gives equivalent noncommutativity in both coordinate systems. Naively we could possibly regard the consistency of the commutation relation between two distinct coordinate systems is obtained when the commutator does not depend on any variables such as θ or φ . While the above criterion may seem to be trivially satisfied, it is not the case in four or more dimensional spacetimes. To see this property explicitly, let us investigate noncommutativity in the four-dimensional polar coordinate (t, r, θ , φ ) defined by vielbein
In this spacetime, the commutation relation between arbitrary functions f (t, r, θ , φ ) and g(t, r, θ , φ ) is derived as
by which we can obtain naturally usual commutation relations (9) when substituting x = r sin θ cos φ , y = r sin θ sin φ and z = r cos θ .
This time, we employ the radial length r, the meridian length rθ and the latitudinal length rφ sin θ as orthogonal quantities in the polar coordinate in order to compare them with x, y and z. In contrast to the case of the Cartesian coordinate, in which the noncommutativity is determined only by a constant as in (9) , the commutation relation contains inevitably θ and φ in the polar coordinate. Actually, commutation relations are
in which, depending on θ and φ , right hand sides can be zero or larger than Θ . However such apparently strange situation is not caused by the selection of polar coordinate. For example, in the Cartesian coordinate where (9) is defined, the quantities X = (x − y)/ √ 2 and Y = (x + y)/ √ 2 satisfy [X, z] ⋆ = −i √ 2Θ and [Y, z] ⋆ = 0. That is, even in the Cartesian coordinate, inhomogeneous and anisotropic noncommutativity can be realized by simple coordinate axis rotation. Obviously this means that our starting coordinate system inevitably determines "standard frame" with which the commutators should be homogeneous. Although it would be quite interesting if the noncommutative spacetime itself has a particular direction related with the quantum property by nature, such an alternative interpretation does not hold since the difference between (x, y) and (X,Y ) is not essential, but just artificial.
The apparent inconsistency that the commutation relation in the polar coordinate is complicatedly dependent on coordinate components is merely due to the fact that (r, θ , φ ) are different from (x, y, z) in the properties of each elements. Actually, unlike x, y or z, which has a fixed direction in the three-dimensional space, r-, θ -or φ -axises can have various directions. Hence, in order to examine the commutation relation of, say, [r, rθ ] ⋆ is consistent with the corresponding one in the Cartesian coordinate, it would be sufficient to show their consistency for the particular choice of r and rθ because it could be generalized to an arbitrary set of r and rθ with any other θ and φ by appropriately redefining the corresponding combination of x, y and z. Here, for simplicity, the consistencies with three cases [x, y] ⋆ , [y, z] ⋆ and [z, x] ⋆ in the Cartesian coordinate will be specified. Then, we can show that the commutation relations (16)-(18) are determined solely by a constant.
First, we compare the commutation relation of the Cartesian coordinate with (16) which can be regarded as a noncommutativity [z, x] ⋆ when φ = 0, and is shown as
In the case of φ = −π/2, identically to noncommutativity of y and z, (16) becomes
According to (19) and (20), the commutation relations in the polar coordinate are determined only by Θ for the suitable pairs of direction. In other words, the commutation relations on the four-dimensional spacetime in polar coordinate as (16)-(18) are just seemingly complicated because they are composed of multiple noncommutativity in Cartesian coordinate. Next, when examining the commutation relation between r and rφ sin θ , the relation can be simplified by setting θ to be constant as θ = θ const . Thus, the commutation relation derived from (15) is
Furthermore, by setting θ const = π/2 for comparison, (21) is expressed as
which is also consistent with the commutation relation of x and y in the three-dimensional case (13) . The point we have to be careful when evaluating noncommutativity associated with z-direction is that φ is not defined when θ const = 0. Thus we consider the situation θ const ≪ 1, that is,
which is expressed in the same form as (16) . Therefore [r, rφ sin θ ] ⋆ is also equivalent to the commutation relation in the Cartesian coordinate system, such as
Finally, we investigate the commutation relation between the meridian length rθ and the parallel length rφ sin θ . Here, in order to clarify this relation, the radial length is set to be constant as r = r const . Then, the commutation relation is derived as
in accordance with (15) . The explicit form of noncommutativity related to x-and y-directions can be written down by applying θ ≪ 1 as
using (25) . Further, in the case of θ = π/2, the commutation relation is derived as
which is also qualitatively equivalent to (16) and (23), and thus it coincides with [y, z] ⋆ and [z, x] ⋆ in each φ -angle, such as
Before the consistency of four-dimensional spacetime can be shown and investigated here, noncommutativity could not even been defined in the three-dimensional polar coordinate. The above results indicate that, at the appropriate θ -and φ -angles, the commutation relation in the fourdimensional spacetime in polar coordinate is also determined substantially by the constant, Θ . Hence, we can say that the generalized Moyal product with θ µν defined as equation (4) provides consistent noncommutativity in Cartesian and polar coordinate systems. This is an important result in the field of gravity dealing with various coordinate systems, which we will see in the next section.
Noncommutativity in axisymmetric spacetime
The discussion of the previous section revealed that the generalized Moyal product is also useful in polar coordinate systems not only in Cartesian coordinate. That kind of operation, the generalized Moyal product can be applied to spacetime with gravity by selecting the appropriate vielbein. In this section, we investigate how the stationary limit surface of axisymmetric spacetime could be modified to examine the effect of spacetime noncommutativity.
In classical spacetime, the axisymmetric solution is the classical Kerr metric
g 33 = r 2 + a 2 + 2Mra 2 ρ 2 sin 2 θ sin 2 θ , g 03 = g 30 = 2Mra ρ 2 sin 2 θ ,
where M and J are the mass and the the angular momentum of the source respectively and a = J/M is the angular momentum per unit mass. Also, the corresponding vielbein for the classical Kerr metric are
In the classical Kerr spacetime, the radius of the stationary limit surface r c.lim (θ ) satisfies g 00 (r c.lim ) = 0. Especially on the plane of θ = π/2, r c.lim (π/2) = 2M, while in the case of θ = 0, r c.lim (0) = M + √ M 2 − a 2 . The shape of the stationary limit surface depends on the value of M 2 − a 2 , and the oblateness of the surface increases as a = J/M raises. If we focus on the oblateness of the stationary limit surface, larger J has an identical effect to smaller M. Therefore, it can be naively interpreted that the increase in the oblateness of the stationary limit surface is due to the reduction of gravity.
In this work, the real metric tensor in noncommutative spacetime is defined in a simple form asĝ
Note that sinceĝ µν is defined using a generalized Moyal product and a classical vielbein e a µ , the zero-order term in the series expansion ofĝ µν in the noncommutative parameter, is the classical metric g µν . Here, we assume the radius of the noncommutative stationary limit surface r n.lim (θ ) in the noncommutative Kerr spacetime satisfiesĝ 00 (r n.lim ) = 0. In order to evaluate r n.lim (θ ), it is not necessary to know all the components ofĝ µν , and it is sufficient to derive onlyĝ 00 . Substituting (29)-(30) into (31),ĝ 00 is expressed aŝ
where α = (r 2 − a 2 cos 2 θ )(r 2 + a 2 cos 2 θ ) −1 . The above expression is too lengthy to understand how spacetime noncommutativity works at a glance. However, in the vicinity of classical stationary limit surface g 00 ∼ 0, the most dominant contribution must come from the term (−g 00 ) −5/2 .
For simplicity we considerĝ 00 on the plane of θ = π/2 then it can be calculated aŝ
where Ξ , which is responsible for the effect of noncommutativity on the equatorial plane, is always non-negative i.e. Ξ ≥ 0 and has an opposite sign to the classical term, −(1 − 2M/r). The stationary limit radius r n.lim (θ ) that satisfiesĝ 00 (r n.lim ) = 0 on the equatorial plane is
so it is clear that the noncommutative stationary limit surface has a larger size than a classical stationary limit surface, that is r n.lim > r c.lim (θ = π/2). On the other hand, since φ cannot be defined when θ = 0, the effect of noncommutativity in the axial direction is examined with θ ≪ 1. At this time,ĝ 00 in the axial direction is derived aŝ
where Γ , which corresponds to the effect of noncommutativity in the axial direction, is always non-positive i.e. Γ ≤ 0 and has the same sign as the classical term. Therefore, the radius of stationary limit surface in the axial direction obtained from (35) is expressed as
so the relation r n.lim < r c.lim (θ ≪ 1) is established in the axial direction.
As shown, the effect of noncommutativity causes the stationary limit surface to expand in the equator direction and contract in the axial direction, so that the oblateness of the surface is increased. Classically, the increase in the oblateness of the surface could be regarded as the reduction of gravity. From this result, we can naively interpret that in the noncommutative spacetime, conventional gravity is mitigated. Similarly, previous studies [15, 24, 25] have suggested that the effect of noncommutativity acts in the opposite direction to attractive gravity. Therefore, regarding the effect of noncommutative spacetime, we can consider that our research has obtained consistent results with previous research.
Conclusions
In this paper, we showed that the generalized Moyal product is useful not only in the Cartesian coordinate but also in any coordinate system. In particular, we focused on noncommutativity in the polar coordinate and derived commutation relations in three and four-dimensional spacetimes. Thus, we confirmed that the commutation relations in Cartesian and polar coordinates are consistent by using the generalized Moyal product. Also, in the three-dimensional spacetime in polar coordinate, the commutation relation derived in this way was equivalent to that in the previous works [17] [18] [19] . Moreover, since the generalized Moyal product is applicable in arbitrary spacetime, as an example we investigated the effect of noncommutativity in the noncommutative Kerr spacetime. As a result it was demonstrated that the time component of the metric near the stationary limit surface of the noncommutative Kerr spacetime is expressed as (32) in the equatorial plane and (35) in the axial direction. Using these formulae, we have shown that the effect of noncommutativity enhances the oblateness of the stationary limit surface in the axisymmetric spacetime. From the results, it is indicated that the effect of gravity is alleviated in the noncommutative spacetime. This is consistent with the result obtained in the previous research on the noncommutative gravitational theory [15, 24, 25] , and it is a significant indication that the similar interpretation can be derived by a different approach in this study.
A notable point is that there is a clear difference in the property of noncommutativity between three-dimensional and four-dimensional spacetime. In a three-dimensional spacetime, the commutation relation is defined only by Θ without any coordinate angles as you can see in [x, y] ⋆ = iΘ and (13) . It means that the noncommutativity is homogeneous and isotropic throughout the space. However, in the four-dimensional spacetime, the commutation relation can be inhomogeneous and anisotropic depending on the angles θ and φ as (16)- (18) , and it could be even commutable. This is caused by the coincident cancellation of independent noncommutativities [x, y] ⋆ , [y, z] ⋆ and [z, x] ⋆ with each other. Therefore, it can be considered that nonconstant commutation relation dependent on the position is a specific behaviour of the four or more dimensional noncommutative spacetimes. That is, in the four or more dimensional noncommutative spacetime, the effect of noncommutativity might be observed differently depending on the particular choice of the coordinate system of the observer. It is similar to the well-known fact in quantum mechanics that the direction in which the uncertainty of, say, the angular momentum remains is determined by the observation. If we can describe how such a distinct feature can be detected in the quantum gravitational events, we can verify our formularization by future experiments. Although the theoretical issues to be solved in constructing the noncommutative gravitational theory still remain, some of various models proposed in the future based on the generalized Moyal product we have presented in this paper would contribute to the development of quantum gravity.
